Non-perturbative gauge transformations of arbitrary fermion correlation
  functions in quantum electrodynamics by Nicasio, José et al.
Non-perturbative gauge transformations of arbitrary fermion correlation functions in
quantum electrodynamics
Jose´ Nicasio,∗ James P. Edwards,† and Christian Schubert‡
Instituto de F´ısica y Matema´ticas Universidad Michoacana de San Nicola´s de Hidalgo Edificio C-3,
Apdo. Postal 2-82 C.P. 58040, Morelia, Michoaca´n, Me´xico
Naser Ahmadiniaz§
Helmholtz-Zentrum Dresden-Rossendorf, Bautzner Landstraße 400, 01328 Dresden, Germany
We study the transformation of the dressed electron propagator and the general N -point functions
under a change in the covariant gauge of internal photon propagators. We re-establish the well
known Landau-Khalatnikov-Fradkin transformation for the propagator and generalise it to arbitrary
correlation functions in configuration space, finding that it coincides with the analogous result for
scalar fields. We comment on the consequences for perturbative application in momentum-space.
INTRODUCTION
Obtaining non-perturbative information about the
structure of correlation functions in quantum electrody-
namics (QED) continues to be a difficult aspect of quan-
tum field theory, yet remains a subject of intense investi-
gation. The gauge dependence of various quantities has
received particular attention, such as for the decomposi-
tion of the QED vertex [1] whose coefficients have been
determined to one-loop order in various gauges [2, 3] and
in diverse analyses of the one- [4, 5] and two-loop [6, 7]
quark-gluon vertex (see [8–11] for similar results in three-
dimensions, QED3, [12, 13] in scalar QED or [14, 15] for
reduced QED). The three- and four-gluon vertices have
also been calculated, off-shell, in covariant gauges up to
two-loop order [5, 16–30], relevant for studies using the
Dyson-Schwinger equations and of infrared divergences
within quantum chromodynamics (QCD) – see [31] for a
review of such non-perturbative analyses.
Despite the gauge invariance of physical observables
such as cross sections, the N -point Green functions of
a gauge theory depend strongly on the gauge of internal
gauge bosons (below we recall that the transformations of
external photons or gluons are fixed by Ward-Takahashi
[32] or Slavnov-Taylor [33, 34] identities). Since various
gauge choices are used in perturbative studies, amongst
them Feynman gauge, Landau gauge or Yennie-Fried
gauge [35], there is great theoretical interest in the vari-
ation of such quantities under a change in gauge. The
transformation of the QED 2-point function – the propa-
gator – and the vertex operator under changes in the co-
variant gauge parameter were initially examined by Lan-
dau and Khalatnikov [36] and independently by Fradkin
[37], later analysed using functional methods in [38, 39].
We summarise these fully non-perturbative “LKF”
transformations that apply in configuration space. The
fermion propagator in covariant gauge with parameter
ξ is denoted by S(x; ξ) and effecting a variation in the
gauge ξ → ξ + ∆ξ induces the transformation
S(x; ξ + ∆ξ) = S(x; ξ)e−i∆ξ[∆D(x)−∆D(0)] , (1)
with ∆D(x) a function corresponding to the gauge fix-
ing [36] (see (7)). Since the exponent is order α, the
fine structure constant, it is clear that from the propa-
gator evaluated to a given loop order the transformation
can construct gauge dependent parts of higher-loop di-
agrams [40, 41]. Furthermore, the LKF transformations
relate the wave function normalisation constants in dif-
ferent gauges [38] (perturbative application of the trans-
formations can be found in [42, 43]). Despite containing
potentially significant information about the structure of
gauge theory interactions, these transformations remain
less well analysed than the constraints implied by Ward-
Takahashi / Slavnov-Taylor identities [44].
There is substantial interest, in particular in QCD and
the extensions of the Gribov-Zwanziger scenario [45, 46],
in LKF transformations for N -point functions [47]. Re-
cent methods have successfully derived the transforma-
tion rules for the gluon propagator by including auxiliary
fields and exploiting a BRST invariance [48–51].
The LKF transformations forN -point correlation func-
tions in scalar QED were recently uncovered in [52, 53]
using the alternative worldline formalism of quantum
field theory [54–57]. They are fully determined by the or-
dered (quenched) (N = 2n)-point function where n fields
φ(xi) are paired with n conjugate fields φ
†(x′pi(i)) for
pi ∈ Sn, denoted in covariant gauge with parameter ξ by
Api(x1, . . . , xn;x′pi(1), . . . , x′pi(n)|ξ), which transforms as
Api(x1, . . . , xn;x′pi(1), . . . , x′pi(n)|ξ + ∆ξ) (2)
=
n∏
k,l=1
e−∆ξS
(k,l)
ipi Api(x1, . . . , xn;x′pi(1), . . . , x′pi(n)|ξ) .
This is the direct generalisation of (1) given in terms of
functions ∆ξS
(k,l)
ipi later defined in (13). This Letter re-
ports on the extension of this result to the physical case
of spinor QED to obtain the complete LKF transforma-
tion of the N -point fermionic Green functions that enter
the calculation of scattering amplitudes in perturbation
theory. A longer communication will supply more calcu-
lational details and describe various applications [58].
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2Overview
We use the worldline representation of the spinor prop-
agator that has only recently been given in [59, 60],
based upon the second order formalism of Dirac fermions
[61, 62], which in a background field with gauge potential
A(x) = Aµ(x)dx
µ is decomposed as
Sx
′x[A] =
[
m+ i /D
′]
Kx
′x[A] , (3)
where we define the covariant derivative by D′µ(x) =
∂′µ + ieAµ(x
′) and Kx
′x[A] is a matrix-valued kernel de-
fined below. Using the background field method [63–65]
we split the gauge field A = Aγ + A¯ into a part Aγ as-
sociated to external photons and a “quantum” piece A¯
which generates virtual photon propagators evaluated in
a chosen covariant gauge.
Writing the “backgroundless” part of the propagator as
Sx
′x
0 [A; ξ] =
[
m+i
(
/∂
′
+ie /A
γ)]
Kx
′x[Aγ+A¯], we show that
the backgroundless (ordered) (N = 2n)-point functions
defined below transform as (again pi ∈ Sn)
S0pi(x1, . . . , xn;x′pi(1), . . . , x′pi(n)|ξ + ∆ξ) = (4)〈 n∏
i=1
[
m+ i
(
/∂
′
i + ie /A
γ)]
Kx
′
pi(i)xi [Aγ+A¯]
〉
A¯, ξ
n∏
k,l=1
e−∆ξS
(k,l)
ipi
where derivatives /∂
′
i := γ
µ∂x′µi act through onto the same
scalar factor as in (2). The additional factors of /¯A in
the complete correlation functions cancel these unwanted
derivatives to provide the generalised LKF transforma-
tions of the full (ordered) fermionic N -point functions,
Spi(x1, . . . , xn;x′pi(1), . . . , x′pi(n)|ξ + ∆ξ) (5)
=
n∏
k,l=1
e−∆ξS
(k,l)
ipi Spi(x1, . . . , xn;x′pi(1), . . . , x′pi(n)|ξ) ,
in which the exponential factor is identical to the scalar
result of [52, 53]. In the following sections we prove these
claims, giving further details in the appendix.
GAUGE TRANSFORMATIONS OF GREEN
FUNCTIONS
The photon propagator corresponding to covariant
gauge parameter ξ, Gµν(x − x′; ξ) := 〈A¯µ(x)A¯ν(x′)〉ξ,
takes the form
Gµν(x−x′; ξ) = Gµν(x−x′; ξˆ)+ ∆ξ
e2
∂µ∂ν∆D(x−x′) (6)
where ξˆ refers to an arbitrary reference covariant gauge
and ∆ξ = ξ − ξˆ. Here ∆D(y) fixes the non-physical
longitudinal part of the propagator [41, 52],
∆D(y) = − ie
2(µ)
16pi
D
2
Γ
[D
2
− 2
]
(µy)4−D (7)
where e2 → µ4−De2(µ) defines the usual arbitrary
mass scale. The momentum space transformation of
A¯µ(k)→ A¯µ(k)− ikµφ(k) change the longitudinal part
of the photon two-point function, (6), according to
〈A¯µ(k)A¯ν(−k)〉ξ → 〈A¯µ(k)A¯ν(−k)〉ξ − ξ kµkν
k4
.
Through (1), the function ∆D transforms the propaga-
tor between covariant gauges, as developed in 3- and 4-
dimensional space-time for the cases of spinor [41] and
scalar [66] QED. As is clear in the original derivations and
confirmed here, the LKF transformation of the propaga-
tor coincides for scalar and spinor QED, now extended
to arbitrary correlation functions in this Letter.
Correlation functions in spinor QED
We follow the techniques in [52, 53] using the first
quantised representation of the fermionic correlation
functions developed in [59, 60]. The Dirac propagator
in a background electromagnetic field A = Aµdx
µ in the
second order formalism is the matrix element
Sx
′x
β,α[A] := 〈x′, β|[m−i /D]−1|x, α〉 =
[
m+i /D
′]
βσ
Kx
′x
σα [A] .
The kernel, Kx
′x
σα , admits the path integral representation
Kx
′x[A] = 2−
D
2 symb−1
∫ ∞
0
dTe−m
2T
∫ x(T )=x′
x(0)=x
Dx
∫
ψ(0)+ψ(T )=0
Dψ
e
− ∫ T
0
dτ
[
x˙2
4 +
1
2ψ·ψ˙+iex˙·A(x)−ie(ψ+η)·F (x)·(ψ+η)
]
, (8)
over trajectories from x to x′ and anti-periodic Grass-
mann variables ψµ(τ) (that generate the “Feynman spin
factor” [67]). The “symbol map” acts on the constant
Grassmann variables ηµ as
symb
{
γ[µ1 · · · γµn]
}
≡ (−i
√
2)nηµ1 . . . ηµn , (9)
where we anti-symmetrise with the appropriate combina-
torial factor. We shall see that the evaluation of this path
integral is not important here, except for contributions
from the action at the endpoints of the worldlines.
In position space the (N = 2n)-point
function is decomposed into n! partial
amplitudes S(x1, . . . , xn;x′1, . . . x′n|ξ) =∑
pi∈SnSpi(x1, . . . , xn;x′pi(1), . . . x′pi(n)|ξ) where in Spi
the spinor field Ψ(x′pi(i)) is connected to the conjugate
field Ψ¯(xi). The gauge potential is then split into
plane waves, Aγµ(x) =
∑N
i=1 εiµe
iki·x, and a quantum
background field, A¯, such that internal photons are
produced by functional integration over A¯:
Spi(x1, . . . , xn;x′pi(1), . . . x′pi(n)|ξ) (10)
=
〈 n∏
i=1
[
m+ i /D
′
i]K
x′pi(i)xi
i [A
γ + A¯]
〉
A¯, ξ
,
with the expectation values of A¯ in accordance with (6).
3Dependence on the gauge parameter
As in [52, 53, 59], the Ward identity shows that gauge
transformations of external photons do not affect on-
shell matrix elements1, so we henceforth ignore their
gauge variation. For virtual photons, we define a path
integral over A¯ with the gauge fixed Maxwell action
S(ξ) =
∫
d4x[− 14 F¯µν F¯µν − (∂ · A¯)2/(2ξ)] that is Gaus-
sian. The insertions of A¯ in the propagator prefactors
can be generated by functional differentiation of a source
term eie
∫
dDxJ(x)·A¯(x) appended to the worldline action.
These considerations motivate us to consider the gauge
transformation of the expectation value (for pi ∈ SM )
I[J,M ; ξ) :=
〈
eie
∫
dDxJ(x)·A¯(x)
M∏
j=1
K
x′pi(j)xj
j [A
γ+A¯]
〉
A¯, ξ
.
(11)
Using the path integral representation (8) and carrying
out the integral over A¯ leads to a function inserted un-
der said path integrals (further details in the appendix)
which depends upon the gauge parameter, ξ according to
I[J,M ; ξ + ∆ξ) = I[J,M ; ξ) e−
∑M
k,l=1 ∆ξS
(k,l)
ipi +∆ξIM ,
(12)
where we defined the variations
∆ξIM =
∆ξe2
16pi
D
2
Γ
[D
2
− 2
]( M∑
i=1
∫ Ti
0
dτi
∫
dDxJ(x) · ∂x∂τi
[
(x− xi)2
]2−D2 − 1
2
∫∫
dDxdDx′J(x) · ∂xJ(x′) · ∂x′
[
(x− x′)2]2−D2 )
∆ξS
(k,l)
ipi =
∆ξe2
32pi
D
2
Γ
[D
2
− 2
] ∫ Tk
0
dτk
∫ Tl
0
dτl ∂τk∂τl
[
(xk − xl)2
]2−D2 . (13)
Note that ∆ξS
(k,l)
pi is precisely the (scalar) variation in
the interaction part of the worldline action that arose
in [52, 53]; the spin degrees of freedom do not modify
the form of the LKF transformation of I. Since, be-
ing total derivatives, the variations in (13) depend only
on the worldline endpoints they can be taken outside of
the path integrals which yields (12) and implies that the
gauge transformation of the correlation functions is fully
determined by the variation of the quenched amplitudes.
To proceed we must include the covariant derivatives in
the prefactor of (10). Note that the backgroundless part
of S (removing A¯ from the covariant derivatives), written
as S0, transforms similarly to (12) without source, except
that now the derivatives act through onto the exponential
factor on the right hand side: since〈
eie
∫
dDxJ(x)·A¯(x)
K∏
i=1
/∂
′
i
M∏
j=1
K
x′pi(j)xj
j [A
γ + A¯]
〉
A¯, ξ+∆ξ
=
[ K∏
i=1
/∂
′
i
][
I[J,M ; ξ)e−
∑M
k,l=1 ∆ξS
(k,l)
pi +∆ξIM
]
, (14)
1 The plane wave decomposition leads to insertions of vertex op-
erators,
V x
′x
η [k, ε] :=
∫ T
0
dτ
[
ε · x˙− i(ψ + η) · f · (ψ + η)]eik·x,
where fµν := 2k[µεν] is the (invariant) photon field strength
tensor, under the path integral. Under ε → ε + ξk the vertex
operator picks up a term −iξ(eik·x′ − eik·x) which no longer has
the required LSZ pole structure.
putting J = 0 leads to the first key result, equation (4).
What is missing, then, is the incorporation of the pref-
actors A¯ in the full covariant derivative. For the propa-
gator (N = 2), it is straightforward to evaluate
− e
〈
A¯(x′)Kx
′x[Aγ + A¯]〉
A¯, ξ
= i
δ
δ/J(x′)
I[J, 1; ξ]
∣∣∣
J=0
,
using (12) to determine that a variation in ξ transforms
this term to[
−e
〈
A¯(x′)Kx
′x[Aγ+A¯]〉
A¯,ξ
−
〈
Kx
′x[Aγ+A¯]〉
A¯, ξ
i/∂
′]
e−∆ξSi ,
(15)
where we have used that
δ
δ/J(x′i)
∆ξIM
∣∣∣
J=0
= /∂
′
i
[ M∑
k,l=1
∆ξS
(k,l)
ipi
]
, (16)
with M = 1. Now S0(x1;x′1|ξ + ∆ξ) defined by setting
N = 2 in (4) contains the same derivative of ∆ξS that
is cancelled by the second term in (15) so that in the
complete propagator the exponential factor can be taken
through, giving〈[
m+ i /D
′]
Kx
′x[Aγ + A¯]
〉
A¯, ξ+∆ξ
= e−∆ξSi
〈[
m+ i /D
′]
Kx
′x[Aγ + A¯]
〉
A¯, ξ
. (17)
This is the worldline derivation of the original LKF trans-
formations for the propagator in spinor QED, reproduc-
ing (5) with N = 2 (one readily verifies the exponent
matches that of (1) in the conventional notation).
4N-point functions
Finally this result must be generalised to an arbitrary
number of propagators which we achieve as a special case
of analysing the more general functional (for M > K)
J [J,K,M ; ξ) := (18)〈
eie
∫
dDxJ(x)·A¯(x)
K∏
i=1
[
m+ i /D
′
i
] M∏
j=1
K
x′pi(j)xj
j [A
γ + A¯]
〉
A¯, ξ
.
We prove by induction on K that J transforms similarly
to I in equation (12), up to additional terms involving
derivatives of ∆ξIN that vanish when J = 0. Indeed I
and the calculation that results in (15) correspond to the
K = 0 and K = 1 cases.
Assuming the result holds forK = κ−1 we now express
J [J, κ,M ; ξ) as
[
m+ i/∂
′
1 − e /Aγ(x′1) + i
δ
δ/J(x′1)
]
J [J, κ− 1,M ; ξ) , (19)
where in J the product over i runs from i = 2 to i = κ.
Varying the gauge parameter we are led to a cancellation
similar to that of the 2-point function: the partial deriva-
tive in (19) acting on the exponent of (12) removes the
contribution from the functional derivative on the same
due to (16). It also generates additional terms that do
not survive when J = 0 – the delicate point, detailed
in the appendix, is that derivatives of such contributions
from the K = κ − 1 case cannot produce anything new
that would survive this limit.
This leaves the result that was to be proved:
J [J, κ,M ; ξ + ∆ξ) (20)
=J [J, κ,M ; ξ)e−
∑M
k,l=1 ∆ξS
(k,l)
ipi +∆ξIM + F [J, κ,M ; ξ) ,
where the functional F satisfies F [0,K,M ; ξ) = 0. It
turns out, then, that the factors of A¯ in the propagator
prefactors generate terms which cancel derivatives of the
LKF exponent in (12) to allow it to be factorised (this
disproves the conjecture given in the conclusion of [52]
that they would modify the transformation for N > 2).
The (N = 2n)-point ordered correlation function is in
fact a specific case of J with K = n = M and no source
(so in particular, ∆ξIn = 0),
S(x1, . . . xn;x′1, . . . x′n|ξ) = J [0, n, n; ξ) , (21)
and (20) immediately gives our main result, equation (5).
Summing over permutations pi ∈ Sn, the partial ampli-
tudes determine the fully non-perturbative generalised
LKF transformation for arbitrary correlation functions.
CONCLUSION
Using the first quantised (worldline) representation of
spinor QED we have rederived the LKF transformations
in position space for the gauge variation of the Dirac
propagator and have successfully extended these trans-
formations to the full N -point functions. The gauge
variation is completely determined by the transforma-
tion of the ordered, quenched amplitudes which we have
explicitly obtained and represents an all orders or non-
perturbative calculation for arbitrary correlation func-
tions. Of course it reduces to the original LKF transfor-
mation for N = 2.
We find that the functional form of the transformation
is equivalent to the gauge variation seen for the ordered
amplitudes in scalar QED, since a delicate cancellation
occurs between derivative terms that could have spoiled
the exponential factorisation that is characteristic of the
LKF transformations. As a consequence, the perturba-
tive application of the transformations will carry through
analogously to the results in [52, 53]. This, and applica-
tion of the transformations in momentum space in the
Schwinger model will be reported in a forthcoming com-
munication [58].
In ongoing work, we aim to extend these results to
QCD and other gauge theories, taking advantage of re-
cent developments in the worldline representation of non-
Abelian field theories [68–73]. Other future generalisa-
tions include analysis of the QED or QCD vertices in co-
variant gauge and their decomposition into form factors
building upon [24–26, 74] to acquire additional restric-
tions for analyses of Schwinger-Dyson equations, to the
analogous transformations produced by virtual graviton
loops along the particle worldlines or to reduced QED as
investigated for the propagator in [14].
The authors are grateful to Adnan Bashir for a number
of useful discussions around the LKFTs in scalar QED
and their use in the context of Schwinger-Dyson equa-
tions and for recommending various references. They
also thank Pietro Dall’Olio for helpful comments. JN
and JPE appreciate financial support from CONACyT.
5Appendix: Photon expectation values
In the main text we frequently use the properties of the photon propagator, or Green function, defined with respect
to a quantum background field, A¯, given as Gµν(x − x′; ξ) := 〈A¯µ(x)A¯ν(x′)〉ξ. It is useful to consider the following
Euclidean path integral2 representation of the more general correlation function,〈
Ω[A¯]
〉
A¯ ξ
:=
∫
DA¯(x)Ω[A¯]e−
∫
dDx
[
− 14 F¯µν F¯µν−(∂·A¯)2/(2ξ)
]
, (22)
where Ω is an arbitrary functional of A¯. The functional integral over configurations of A¯ is specified with Maxwell ac-
tion that has been gauge fixed to the linear covariant gauge with parameter ξ. In particular, with Ω[A¯] = A¯µ(x)A¯ν(x
′)
we acquire the propagator. It is useful, as we exploit in the main text, to generate insertions of A¯ under the path
integral by functional differentiation of a source, J(x), so that, for example,
e2Gµν(x− x′; ξ) = −iδ
δJµ(x)
−iδ
δJν(x′)
Z[J ]
∣∣∣
J=0
; Z[J ] :=
∫
DA¯(x) e−
∫
dDx
[
− 14 F¯µν F¯µν−(∂·A¯)2/(2ξ)−ieJ(x)·A¯(x)
]
. (23)
Since the path integral in the gauge-fixed partition function, Z[J ], is Gaussian it can be computed exactly in what is
an elementary calculation, from which follows the configuration space propagator
Gµν(y; ξ) =
1
4pi
D
2
{
1 + ξ
2
Γ
[D
2
− 1
] δµν
y2
D
2 −1
+ (1− ξ)Γ
[D
2
]yµyν
y2
D
2
}
. (24)
This expression follows the general decomposition given in equation (6) of the main text, since the ξ dependent
(longitudinal) terms are generated by – see equation (7) – differentiation of
∆D(y) = −ie2(µ)µ4−D
∫
dDk
(2pi)D
e−ik·y
k4
= − ie
2(µ)
16pi
D
2
Γ
[D
2
− 2
]
(µy)4−D. (25)
Fermionic N-point functions
We write the correlation functions in the first quantised worldline formalism of quantum field theory which is
equivalent to the standard approach. It can be traced back to early work by Feynman [67, 75] that was later
developed by Strassler [54, 76] – for reviews see [55, 56]. An adequate worldline description of tree level processes has
only lately been achieved [59], and uses the second order formulation of the Dirac theory [61, 62]. For the propagator
(2-point function) this is (c.f. equations (8) and (9) of the main text)
Sx
′x[A] = 2−
D
2
[
m+ i /D
′]
symb−1
∫ ∞
0
dTe−m
2T
∫ x(T )=x′
x(0)=x
Dx
∫
ψ(0)+ψ(T )=0
Dψ e
− ∫ T
0
dτ
[
x˙2
4 +
1
2ψ·ψ˙+iex˙·A(x)−ie(ψ+η)·F (x)·(ψ+η)
]
,
(26)
where the symbol map generates its matrix structure according to equation (9) (we use the convention
{γµ, γν} = −2ηµν). The key to obtaining the results of the main text is its equation (12), repeated here:
I[J,M ; ξ) :=
〈
eie
∫
dDxJ(x)·A¯(x)
M∏
j=1
K
x′pi(j)xj
j [A
γ + A¯]
〉
A¯, ξ
, (27)
where the expectation value is determined by (22). The worldline action of (26) is, after decomposing A = Aγ + A¯ as
described in the main text, linear in A¯ and the path integral can be determined. Using the path integral representation3
of the kernel in equation (8) we find:
I[J,M ; ξ) =
M∏
j=1
2−
D
2
∫ ∞
0
dTj e
−m2Tj
∫
Dx(τj)
∫
Dψ(τj) e
−∑Ml=1 S(l)0,γ [xl,ψl|Aγ ]− e22 ∫∫ dDy dDy′J (y)·G(y−y′;ξ)·J (y′) ,
(28)
2 We work throughout in D-dimensional Euclidean space.
3 As will be reported in a later communication [58], the calculation
is greatly simplified by using a superspace formalism, although
we avoid this unnecessary step here at the expense of less com-
pact equations.
6where S
(l)
0,γ [xl, ψl|Aγ ] comprises the free action for trajectory l and its coupling to the external photons and we have
defined a more general current
J µ(y) = Jµ(y)−
M∑
l=1
∫
dτl
[
x˙µl − 2(ψµl + ηµl )(ψl + ηl) · ∂
]
δD(y − x(τl)) . (29)
The crucial observation is that, using (24), a change in the gauge parameter ξ → ξ + ∆ξ causes a variation in the
final term in the exponent of (28) that can be written in terms of derivatives as
J (y) ·∆ξG ·J (y′) = ∆ξ
16pi
D
2
Γ
[D
2
− 2]J (y) · ∂yJ (y′) · ∂y′[(y − y′)2]2−D2 . (30)
Substituting (29) and integrating by parts, the Grassmann nature of the variables ψµl and η
µ
l means that they drop
out of (30). Therefore, the terms independent of the source, J , give precisely the same scalar factor found in [52, 53],
M∑
k,l=1
∆ξe2
32pi
D
2
Γ
[D
2
− 2
] ∫ Tk
0
dτk
∫ Tl
0
dτl ∂τk∂τl
[
(xk − xl)2
]2−D2 ≡ M∑
k,l=1
∆ξS
(k,l)
ipi , (31)
which is the second line of equation (13) in the main text. It corresponds to the transformation of the propagator
caused by a change of gauge in the internal photon propagators that couple to the worldline trajectories. The two
terms in (30) involving the source then provide ∆ξIM of equation (13),
∆ξIM =
∆ξe2
16pi
D
2
Γ
[D
2
−2
]( M∑
i=1
∫ Ti
0
dτi
∫
dDxJ(x) · ∂x∂τi
[
(x− xi)2
]2−D2 − 1
2
∫∫
dDxdDx′J(x) · ∂xJ(x′) · ∂x′
[
(x− x′)2]2−D2 ) .
(32)
These results imply that I transforms as (as mentioned in the text, the transformation induced by variation in external
photons’ gauge is described by the Ward identity)
I[J,M ; ξ + ∆ξ) = I[J,M ; ξ)e−
∑M
k,l=1 ∆ξS
(k,l)
ipi +∆ξIM , (33)
in agreement with equation (12) above.
This would be everything were in not for the covariant derivatives in (26), which act through onto the exponent in
(33) – see equation (14) of the main text. As argued in the text, the derivatives of this exponent are cancelled exactly
by additional terms produced by polynomial insertions of A¯ from the same covariant derivatives. This cancellation is
illustrated for the propagator in equation (15) and here we detail the general case that results in (21).
First we recall the definition (18) in the main text,
J [J,K,M ; ξ) :=
〈
eie
∫
dDxJ(x)·A¯(x)
K∏
i=1
[
m+ i /D
′
i
] M∏
j=1
K
x′pi(j)xj
j [A
γ + A¯]
〉
A¯, ξ
. (34)
Defining ∆ξI
(2)
M as the second term of ∆ξIM in (32), quadratic in J , we prove by induction on K the transformation,
J [J,K,M ; ξ + ∆ξ) =
[
J [J,K,M ; ξ) +
K−1∑
k=0
k∏
l=1
[
m+ i /̂D′l
](
i/∂
′
k+1∆ξI
(2)
M
)J (k+2)[J,K,M ; ξ)]e−∑Mk,l=1 ∆ξS(k,l)ipi +∆ξIM ,
(35)
where we defined D̂µ = ∂µ+
δ
δJµ + ieA
γ
µ, whose derivatives act through onto everything to their right. The superscript
in J (k+2)[J,K,M ; ξ) of the second term indicates that the variable i in the definition (34) runs from k+2 to K, being
(K − k − 1) values. The K = 0 and K = 1 cases are already verified by previous calculations.
As outlined in the main text, for the K = κ case we use
J [J, κ,M ; ξ) = [m+ i /̂D′1]J (2)[J, κ,M ; ξ) , (36)
and the inductive hypothesis, along with (compare with equation (16) above)
δ
δ/J(xi)
∆ξIM − /∂′i
[ M∑
k,l=1
∆ξS
(k,l)
ipi −∆ξIM
]
= /∂
′
i∆ξI
(2)
M , (37)
7provide the gauge variation
J [J, κ,M ; ξ + ∆ξ) =
[
J [J, κ,M ; ξ) + (i/∂′1∆ξIM)J (2)[J, κ,M ; ξ)]e−∑Mk,l=1 ∆ξS(k,l)ipi +∆ξIM
+
[K−2∑
k=0
k+1∏
l=1
[
m+ i /̂D′l
](
i/∂
′
k+2∆ξI
(2)
M
)J (k+3)[J, κ,M ; ξ)]e−∑Mk,l=1 ∆ξS(k,l)ipi +∆ξIM . (38)
Renaming k → k + 1 in the second line, the second term on the first line supplies the k = 0 contribution to the sum
on the second and we arrive at the result claimed in (35) for K = κ, thus completing the proof.
To see that the additional derivative terms do not contribute when J = 0 we note that acting with more than two
distinct derivatives (whether they be partial or functional) on ∆ξI
(2)
M annihilates it. Yet we would have to apply two
functional derivatives – on top of the existing partial derivative – in order for these terms to contribute when J = 0.
In particular, then, we recover the principal result reported in the main text,〈 K∏
i=1
[
m+ i /D
′
i
] M∏
j=1
K
x′pi(j)xj
j [A
γ + A¯]
〉
A¯, ξ+∆ξ
= e−
∑M
k,l=1 ∆ξS
(k,l)
ipi
〈 K∏
i=1
[
m+ i /D
′
i
] M∏
j=1
K
x′pi(j)xj
j [A
γ + A¯]
〉
A¯, ξ
. (39)
For K = M we get the configuration space generalised LKF transformation for arbitrary partial amplitudes illustrated
in the followng figures.
x1 x
′
1
x2
x3 x
′
3
x′2
FIG. 1: A typical multi-loop correlation function that
includes photons attached to internal loops.
x1 x
′
1
x2
x3 x
′
3
x′2
FIG. 2: The LKF transformation is determined by
changing the gauge of only the photons attached at
both ends to particle lines.
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